Discrete choice models are based on the idea that each user can chose freely and independently from other users in a given set of alternatives. But this is not the case in several situations. In particular, interactions and limitations can occur when the number of available products is smaller than the total demand for some alternatives; as a consequence, some individuals can be denied the good. We develop a methodology to address this problem and apply it to residential location choice, where there is reason to suspect availability constraints may limit choices. The analysis provides some theoretical developments and elaborates an iterative procedure for estimating demand in the presence of capacity constraints. The empirical application relies on the location choice model developed and estimated in de Palma et al (2006) for Ile de France (Paris region) and generalizes it to integrate capacity constraints.
Introduction
The choices that individual households make in the housing market produce aggregate outcomes that shape urban tra¢ c conditions, patterns of poverty concentration and ethnic segregation, the quality of public schools, access to economic opportunities, and the decline and revitalization of neighborhoods -all of which are important, long-term, and related policy concerns. E¤orts to model individual household residential location choices using discrete choice frameworks date at least to the pathbreaking work by [Lerman1977] , [McFadden1978] , [Quigley1976] , [Weisbrod and Ben-Akiva1980] , and [Williams1979] , among others. Over the past 25 years an extensive literature has examined household location choices in the housing market, signi…cantly advancing the behavioral underpinnings and the methods used, and including e¤orts to represent the residential location choice as a dynamic process: see, e.g., [Anas and Cho1988] .
One important issue that has not yet received su¢ cient attention in the literature, and is the central focus of the empirical analysis presented in this paper, is the role of availability constraints in discrete choice models. In estimating location choice models using agents observed to make choices among a set of alternatives, an implicit assumption is made that the alternatives are all available, as they would commonly be if the choice is among standard commodities such as consumer electronics. However, in the housing market and in many other market situations, such as for air travel, a problem of limited availability is not at all uncommon. A particular neighborhood may be highly desired, and few vacancies may be available to those that are searching in the area. Seats may be sold out on the particular ‡ight itinerary a traveler wishes to take. A standard assumption in economics is that prices adjust to clear the market, and therefore putting prices on the right hand side of the model is su¢ cient to address this concern. This assumption may be too strong, however, in many market conditions, including the housing market. Various forms of friction in the housing market make it less than perfectly e¢ cient. High transactions costs, attachments to social networks, non-trivial search costs, low turnover in some locations, and sellers'willingness to withold a property from the market rather than su¤er a loss, among other factors, suggest that prices may not fully clear the market.
Whether prices actually do fully clear the housing market should be an empirical question rather than a strong assumption. If the assumption that prices clear the market is not valid, then it follows that coe¢ cients estimated for discrete choice models in markets that experience some level of availability constraints will be biased, confounding the e¤ect of the constraints with the choice preferences of agents. An important policy implication of this methodological concern is that if these constraint e¤ects are not corrected for in estimation of a choice model, predicted shifts in demand in response to an exogenous change, such as the change in accessibility due to major transportation investments, would also be biased, leading to potentially misleading conclusions regarding the relative costs and bene…ts of alternative policy choices. A related concern is that housing prices are jointly determined with location choices in constrained housing markets due to the role of prices in clearing the market, even if they do not completely clear it. It is therefore necessary to address this source of endogeneity bias in the estimation process [de Palma et al.2006] .
We are interested here in the allocation process when supply is locally smaller than demand. This allocation could be described as a search mechanism in the line of [de Palma and Lefèvre1981] , later applied in the regulated housing market in Holland by [de Palma and Rouwendal1996] . Here we adopt a completely di¤erent approach to address the problem of disequilibrium between supply and demand. We assume that the …nal allocation mechanism should obey some simple rules (or assumptions). From these assumptions, we are able to compute the ex post allocation. That is, we are able to describe both the ex ante choice (i.e. the choice which ignores the capacity constraints) and the ex post allocation (i.e. the individual choice once the competition for scarce housing ressources has taken place). Below we describe the organization of the paper.
In this paper we develop models of residential location and housing price for the Ile-de-France metropolitan region centered on Paris, testing for endogeneity between prices and location choices. We develop and apply an empirical estimation procedure that accounts for the e¤ects of constraints on the availability of some alternatives. Following a brief description of the study area and the data used in the empirical work, we develop the model speci…cations and estimation algorithm. We then present the estimation results and an analyis of the sensitivity of the algorithm. The paper concludes with an assessment of the contribution of this research and proposed extensions of it.
The study context
The Ile-de-France region houses 11 million people (2 million in Paris) and 5.1 million jobs within a space of 12,000 sq. km. Careful preservation of the historic central city of Paris and its many landmarks has had the e¤ect of making Paris a major tourist mecca for the globe, largely by restricting supply of new housing and o¢ ce space in the historic core, and protecting historic buildings from alteration or replacement. As a consequence, real estate prices are high in the center, and lower-income housing is concentrated in the suburbs, principally in the eastern portion of the region. This is an important motivation for the focus of this paper, since the desirability of central Paris, coupled with strong supply constraints, provides a prime example of the kind of constrained market we wish to analyze. Most of the growth in population and employment are outside the core of the city, fueling rapid suburbanization and growth in travel. The regional express roadway network contains 4,500 lane-km, and despite the traditional rush-hour tra¢ c jams, the average duration of a car trip is still only 19 minutes (EGT, 2001) . With a ubiquitous metro system in central Paris and half of households in the city not owning a car, transit ridership is quite high. Half of commuting trips in the region in 2001 were by private cars, with 36% using public transportation and 14% using a bicycle or walking, though the transit mode share has declined 6% over the past twenty years as the region has decentralized. Table 1 shows important di¤erences in average housing prices by district: prices are higher in Paris, intermediate in the close suburbs and decline in the more distant suburbs, which we refer to as the inner ring and outer ring, respectively. In addition, prices are higher in the western part of the area than in the eastern part, consistent with the spatial patterns of social strati…cation. The geographic units used in this analysis follow the administrative boundaries used in France. The smallest administrative unit, and the one we use as the basis for the residential location choice model is the commune, of which there are 1280 in the Ile-de-France. These roughly correspond to small cities, in terms of having local administrative control of land use decisions. Since Paris is one commune and disproportionately large compared to the remaining communes, we have used the Arrondisements in Paris to subdivide the city, resulting in 1300 zones for use in the model. The 1300 resulting geographic units used in this analysis (which we will still refer to as communes for simplicity) are grouped into 8 districts (departements). Table 2 presents the origin and destination rings and districts for the moves during 1998. Most of the moves have are within the same district, although households who move to Paris come predominantly from outside Ile-de-France, following a classical migration staging pattern. The most common destination for inmigrants from outside the region is Paris, followed by commune 92 in the inner ring, which is shares many attributes with Paris. 
Model speci…cation
We develop in this section the speci…cation for the model, beginning with the household residential location choice, and elaborating the basic model to address constraints. For clarity of exposition, we begin with a stronger assumption of homogeneous agents (no individual characteristics are considered), and then relax this to accommodate heterogeneous agents. We follow with the description of the iterative solution algorithm, …rst with the case in which the demand is known (parameters are given for the residential location choice model), and …nally the unknown demand case in which we need to estimate the parameters of the location choice model. The housing price model is a hedonic regression model that incorporates measures of aggregate demand and aggregate supply in each commune. We refer to this variation of the hedonic model as a semi-hedonic model, since it allows estimation of the degree to which prices adjust to help clear imbalances in the market, by incorporation both aggregate demand and supply. We turn now to the speci…cation of the demand model.
Household residential location choice: basic model and notation
We refer to households that make a location choice within a given year as movers. These represent the set of agents producing demand for housing. Supply of housing is considered to be the set of housing units that are available for locating households. The set of alternatives in the housing market are represented by 1300 communes, denoted by J , with Card (J ) = J. The demand for alternative j is denoted by D j and the supply (or capacity) of alternative j is denoted by S j . We consider an alternative to be constrained if the demand for the alternative exceeds its supply. Individual decision makers are indexed by i, i = 1:::N . The utility of individual i selecting alternative j is:
where V i j represents the systematic component of the utility and where " i j are i.i.d., with a double exponential distribution. The probability P i j that individual i prefers alternative j is given by the multinomial logit formula (See Anderson, de Palma and Thisse, 1993 or McFadden, 2001 for details):
In the homogeneous case where we treat agents as though they were identical, systematic utilities and choice probabilities do not vary between individuals, so they are denoted, respectively, by V j and
The expected demand, D j , for alternative j is:
Introducing capacity constraints
The analysis of the residential choices in Ile-de-France (base on preliminary demand estimates) shows that many alternatives (nearly one half) have greater demand than supply. We denote D j S j as the excess demand, which is positive for at least one alternative when the system is constrained. We consider below the situation where demand D j strictly exceeds supply S j for at least one alternative j. This initial estimate of demand, which we will refer to as the ex ante demand, is di¤erent from the choices we observe households making, because the constraints are binding and some households are forced to take an alternative which was not their …rst preference. We refer to the demand after constraints are imposed as the ex post demand. It is in this sense that we will refer to equilibrium, or market clearing. The time frame for the analysis is considered short-term, with supply assumed to be constant. We say that the system is constrained if the ex ante demand is not equal to the ex post demand for at least one alternative. However, in order to guarantee that there exists at least one feasable allocation, we assume that contraints are not globally too severe. That is, we assume a feasibility condition that aggregate supply is su¢ cient to accommodate aggregate demand, resulting in a vacancy rate that is strictly positive:
When the system is constrained, the choices based only on preferences, or ex ante choices, di¤er from the actual allocation consistent with preferences and with capacity constraints, or ex post allocation. In this case, the probability that individual i is allocated to alternative j is denoted byP j in the homogeneous case (or byP i j in the heterogeneous case developed later). The ex ante demand D j de…ned in (3) corresponds to ex ante choices, whereas the observed demand, denoted byD j , corresponds to the ex post allocation:
Note that, when the system is not constrained, thenP i j = P i j , j 2 J , and the observed demand is equal to the ex ante demand for all alternatives and all individuals). When the system is constrained,D j is bounded by S j (j = 1:::J) and the constraint is binding for at least one alternative. Two situations may arise: 1. Alternative j is unconstrained ex ante: D j < S j . In this case, alternative j is unconstrained ex post if D j < S j while alternative j is constrained ex post ifD j = S j . 2. Alternative j is constrained ex ante: D j S j . In this case, it can be shown thatD j = S j i.e. alternative j is also constrained ex post.
We will also de…ne the following sets of constrained alternatives: C = n j 2 J jD j = S j o denotes the alternatives constrained ex post and C (0) = fj 2 J j D j S j g denotes the set of alternatives constrained ex ante.
Similarly, we de…ne the following sets of unconstrained alternatives: C = n j 2 J jD j < S j o denotes the alternatives unconstrained ex post and C (0) = fj 2 J j D j < S j g denotes the alternatives unconstrained ex ante. These four sets determine two partitions of
When, for at least one alternative j, the (ex ante) demand D j is larger than the capacity S j the actual allocation is the result of a complex mechanism which depends on the priority rules developed below.
Constraints have two consequences: …rst, if alternative j is constrained ex ante (j 2 C (0)), a fraction of the individuals who would select alternative j without capacity constraints (D j ) must instead choose a less desirable alternative k. Second, due to the …rst consequence, the excess demand generated in alternatives constrained ex ante is reallocated to alternatives which were not constrained ex ante. Therefore, the observed demand is larger than (or equal to) the ex ante demand in all alternatives unconstrained ex ante. Some of the alternatives which are not constrained ex ante may be constrained ex post, due to the reallocation of excess demand.
We now introduce a …rst assumption: free allocation, which means that if an individual prefers an alternative j, which is unconstrained ex post, he can be sure to be allocated to it. However, he may be denied access to his preferred choice j if it is constrained ex post, and be forced to choose another alternative (that may be constrained or unconstrained ex ante).
Assumption 1 (Free allocation) .Let j 2 C. Then P (fi allocated to j j i prefers jg) = 1; 8 i = 1:::N:
Assumption 1 implies that the IIA property (speci…c to the MNL model) is valid for the unconstrained alternative, that is, for two alternatives unconstrained ex post, the ratio of (ex post) allocation probabilities is equal to the ratio of (ex ante) choice probabilities.
This assumption implies the IIA properties in the following sense:
Lemma 1 (Alternative unconstrained ex post) If Assumption 1 holds and if alternative j and k are unconstrainted ex post, then the allocation probabilities satisfy the IIA property:
Moreover:
The equality (6) states that the allocation probabilities satisfy the IIA property for unconstrained alternatived. The inequalities state that the probability that individual i is allocated to j is larger than the probability that he prefers j and the observed demand addressed to j is larger than the ex ante demand if j is unconstrained. As an immediate consequence of Assumption 1, we have: C (0) C and C C (0). That is: if alternative j is constrained ex ante, then it is also constrained ex post. If alternative j is unconstrained ex post, it is also unconstrained ex ante.
Proposition (1) states that the individual ratioP i j =P i j of the actual allocation probability to the choice probability is the same accross all unconstrained alternatives, since equality (6) can be rewritten as:
where the common value of this ratio is denoted by i . We interpret i as the individual allocation ratio for individual i. The computation of i cannot be done before the allocation rules are de…ned for the ex post constrained alternatives.
We now introduce a second assumption concerning the allocation in alternatives constrained ex post. We assume that if an individual i has a stronger preference (ex post) for constrained alternative j than another individual i 0 , in the sense that his choice probability is larger, he will also have proportionaly more opportunity to be allocated ex post to this alternative j in the following sense:
Assumption 2 (No priority rule) If j 2 C, the individual allocation ratio of alternative j, constrained ex post is the same for all individuals:
Assumption (2), which states that the individual allocation ratio is the same for each individual (i = 1:::N ), and denoted by j , can also be interpreteted as a fairness criterion.
This assumption su¢ ces to determine the queue discipline for the alternatives which are constrained ex post. Indeed, it is straighforward to show that the common value (accross individuals) of the allocation ratioP i j =P i j is equal to the relative supply (measured by S j =D j ):
Lemma 2 (Alternative constrained ex post) Consider an individual i. If Assumption 2 holds and alternative j is constrained ex post, the common value of the individual allocation ratio is equal to the relative supply, i.e.:P i j
These two assumptions are essentially su¢ cient to solve for an equilibrium. It is necessary, also to eliminate extreme preferences (which are not observed in our data). The interested reader is refered to the footnote 2 . We will provide the solution for the homogeneous case and sketch the solution for the heterogenous case. Assumptions 1 and 2 hold, throughout the rest of the paper.
Equilibrium solution with capacity constraints
The solution requires the computation of two unknowns: (1) which alternatives are constrained ex post and (2) the value of i . We assume for the moment that we know which alternatives are constrained ex post and will return to its computation subsequently.
Recall that, for the unconstrained alternatives, the allocation ratio of alternative j de…ned asP i j =P i j is independent of the alternative and denoted by i For the unconstrained alternative (S j < D j ), the value of i is larger than 1 since some constrained individual are reallocated to the unconstrained alterantives. The value of the ratio is given by:
Lemma 3 (Individual allocation ratio) Consider an individual i. The availability ratio is the same for each alternative unconstrained ex post and is given by :
Lemma 3 shows that the individual allocation ratio i =P i j =P i j ; 8 j 2 C is uniquely de…ned as a function of the set C of alternatives constrained ex post. The ex ante demand is given by (3), while the ex post demand is de…ned by: (5)). The aggregate allocation ratio, j , is de…ned as a weighted average of individual allocation ratios i :
Note that j > 1 if j 2 C (see Lemma 3). Collecting the previous results, we have:
Lemma 4 (Aggregate allocation ratio) Consider an alternative unconstrained ex post j 2 C. The alternative-speci…c aggregate allocation ratio is :
where i are given by Lemma 3.
Note that the value of the individual allocation ratio i can be computed once the set C is known (see Lemma 3). Conversely, assume that the ratios i are known. An alternative j is constrained ex post if and only if the demand allocated to alternative j is contrained, i.e. if X N i=1 i P i j is larger than (or equal to) S j . Therefore, an alternative j is constrained ex post if and only is:
Note that if the alternative j is constrained ex ante, then S j =D j > 1, and the condition (8) is always satis…ed (ex ante constraint implies ex post constraint). We refer the reader to de Palma, Picard and Waddell (2006) for the proofs of existence and uniqueness of a global solution i ; C . Below, we provide a method for computing the global solution, either when the demand is known and the parameters are given, or when it is unknown and the parameters need to be estimated in tandem with the iterative procedure.
Computational method 3.4.1 Allocation Probabilities
The allocation probabilities are given by di¤erent expressions according to whether the alternatives are constrained or not ex post. The allocation probabilities can still be written as a multinomial logit model, but with a additional term, or "correction factor", ln i j , which expresses the allocation ratio.
Theorem 1 (Allocation probabilities) If Assumptions 1 and 2 hold, the allocation probabilities are given by the adjusted MNL formula:
Proof. The denominator in (9a) is
Therefore:
The reader should still keep in mind that the di¢ cult part of this approach (and of any approach dealing with constraints) is the determination of the alternatives which are constrained ex post.
We …rst describe the iterative procedure to …nd the allocation probabilities and the ex post constrained alternatives, when the demand is known, as would be the case once the model is estimated and is being used to make predictions. This simpli…es the initial exposition.
Iterative procedure with known demand
The formulas are given by Lemma 3 for the individual allocation ratio i , by Lemma 4 for the aggregate availability ratio j and by condition (8) for the set C of alternatives j constrained ex post. The following algorithm allows computation of i , j and C with less than J iterations.
Algorithm 1: known demand 1. Check that aggregate demand is smaller than aggregate supply (see condition 4)).
2. Iteration l = 0 (initialization): set i = 1; compute the set C (0) = fj 2 J j S j D j g of alternatives constrained initially (that is at iteration zero). C (0) = J n C (0).
Compute the individual allocation ratios
4. Compute the alternative-speci…c allocation ratios using Equation (7):
Update iteration: l ! l + 1. Update the constrained choice set using condition (8):
for all i = 1:::N ), else go to 5.
9. Compute the correction factor ln i j using Theorem 1.
We have shown, in the homogenous case, that this algorithm converges. Simulation experiments suggest that it also converge in the heterogenous case.
Iterative procedure with unknown demand
When the demand is unknown, we need to jointly estimate the parameters of the model and to determine the allocated demand, given a set of parameters. The …rst algorithm determines the alternatives contrained ex post, the allocated demand and the correction factors given the demand parameters. The second algorithm has the same output as the …rst algorithm, but relies on a demand system which needs to be estimated.
The approach in this second algorithm is to iterate between an estimation module, which incorporates the correcting factor ln i j , computed during the previous iteration and algorithm 1, which in turn relies on the previous iteration estimated demand. The estimation module and algoritm 1 are embedded in a double loop. The outer loop (estimation) is indexed by l 0 and the inner loop (algorithm 1) is indexed by l.
We require additional notations:
represent the estimation of the demand, the choice probabilities and the correction factor at iteration l 0 . Moreover, C (l 0 ; l) denotes the set of alternatives constrained ex post at iteration (l 0 ; l), where l 0 corresponds to the demand estimation and l corresponds to the constraints. We de…ne i (l 0 ; l) and j (l 0 ; l) in a similar way. Below, we sketch the structure of this second algorithm.
Algorithm 2: unknown demand 1. Check that the aggregate demand is smaller than the aggregate supply (Assumption 4). 
of alternatives constrained ex ante for the initial estimated demand, using condition (8).
(b) Compute the individual allocation ratio, using Lemma 3):
(c) Compute the alternative-speci…c allocation ratio using Equation (7):
(d) Update iteration for algorithm 1: l ! l + 1: update the set of alternatives constrained using condition (8):
(g) Stop at iteration l + 1 if C (0; l + 1) = C (0; l) (and therefore (0; l + 1) = (0; l)), else go to step d.
(h) When convergence is attained (l = 1), we have C (0)
3. Update iteration of the estimation module:
; else go to step 5. 
o of alternatives constrained ex ante for demand at step (l 0 + 1) (b) Compute the individual allocation ratio
(h) When convergence of Algorithm 1 is attained (l = 1), we have
, and
6. Go to step 3.
In the next section we provide some numerical results to illustrate this method. Note that we have not shown (even with known demand) that algorithm 2 converges, even if numerical experiments with real data strongly susggest that this is the case.
Empirical results
The data for household location model come from the 1999 census, for which we were able to access household-level data for the entire population, allowing us to test the sensitivity of the estimation to using a range of sampling rates from the population. The analysis focuses on "recent movers": households who settled or moved to the region recently, that is during year 1998. Among the 4,510,369 households living in the study area in March 1999, 589,355 moved into or within the region during year 1998. The housing price data used in the model come from the "base de données des Notaires" and contains the average price of single-family dwellings sold in the commune in 1999. Note that the single-family dwellings are usually larger and are on larger lots in the suburbs, so the di¤erences between Paris and the suburbs are smaller than di¤erences in price per square meter. The attributes of the alternatives have been computed from di¤erent sources, mainly drawing on data from the IAURIF metropolitan planning agency. See [de Palma et al.2006 ] for details.
Housing price
We estimate a semi-hedonic regression model to predict housing prices, and use these predicted prices in the residential location choice model. To re ‡ect the economic endogeneity between prices, demand and supply, we put measures of housing supply (considered static in the short-run period we are modeling), and demand, which is computed from the residential location choice model, on the right hand side of the hedonic regression. This speci…cation, linking the hedonic regression and the residential location choice model via aggregate demand, allows us to empirically test the degree to which price adjustments based on the varying relationship of demand and supply serve to clear the market. As is the norm in the hedonic literature, we specify the model as semi-log, with the natural log of housing prices as the dependent variable.
The estimated coe¢ cients for housing price model are presented in table 3. The R 2 for the model is 0.53, which is rather high considering that we are using only the average sales price in each commune and therefore have no attributes of individual houses entered in the model. The only e¤ects are commune characteristics and the aggregate market conditions of demand and supply. We obtain the expected signs for demand and supply but they are not exactly opposed. A purely structural equation (results not reported here, available on request) with only supply and demand gives coe¢ cients exactly opposed, which means that the price only depends on the supply/demand ratio, and not separately on supply and demand. This result does not hold ceteris paribus.
A decrease in average travel time signi…cantly increases the price: 10 minutes less imply a 2.8% increase in housing price. The price is very sensitive to socio-economic structure of the commune: a 10% increase in the proportion of one-member households is associated with a 50% increase of the price. Such an increase for the proportion of two-members households corresponds to a 19% increase of the price. Similarly, the fraction of households with no or only one working member has a positive e¤ect on the price. Surprisingly, the fraction of foreign households has a positive e¤ect on price. We should notice however, that the data do not distinguish the nationality of the foreigners, and make no di¤erence between OECD countries and third world ones, and we are controlling for the income of the commune, which shows negative and highly signi…cant e¤ects of the proportion of low and intermediate income families on the price. Table 4 contains the results of the residential location choice model estimation, estimated on a 100% sample of households, and assuming no availability constraints. With a pseudo-R 2 of 22% this model has a moderate explanatory power at the individual level. Later on, we will explore the validity of this model at the aggregate level (see Section 4.4.4). We …nd a very signi…cant e¤ect of the "same district as before" variable, con…rming (as expected) a strong preference of households to move in the same district or neighbourhood in which they lived befor the move. Testing the e¤ect of the distance from last residence may be interesting but it was not possible with our available data, which did not contain information on residence location more detailed than the commune. The Paris dummy variable has a negative coe¢ cient, implying that, ceteris paribus, the households who live in Paris and decide to move have a slightly higher probability of relocating to a di¤erent district than do residents living in other districts. Note that this is consistent with the intra-metropolitan migration patterns shown in Table  2 , and with general expectations that households moving into the region, and new households formed within the region locate initially within Paris, and may relocate to suburban neighbourhoods later. Note, however, that some of the other variables in the model, such as better accessibility in Paris, tend to have e¤ects that at least partially o¤set this suburbanization preference, while others, such as housing prices, tend to reinforce it.
Location choice without capacity constraints
As expected, housing price has a negative e¤ect on location preference for a commune. This e¤ect increases with the age of the household head and decreases with as the household income increases. The older heads of households are more sensitive to price and the richer households are less sensitive to it. Since price is entered using three variables to capture average e¤ects as well as interactions with age and income, the combined e¤ects are complex. We note that the average price e¤ect as well as the age and income interactions, all have expected signs. However, for a small subset of the population, namely very young and very rich households, the net price e¤ect from the interaction of these three coe¢ cients would be predicted by this model to show a slight positive preference for higher prices in communes where they the neighbouring households are in the same socio-economic category and which have more amenities. The relative sensitivity to price is as we would expect, though the potential for a small positive preference for higher prices for this speci…c subpopulation and sample of locations is likely to be due to some amenities that are not accounted for in the model, rather than an actual preference to may more for housing, ceteris paribus.
Increase of the average travel time by public transit decreases the preference of households headed by a woman, though this e¤ect is insigni…cant for male-headed households. The number of subway (metro) stations in a commune increases the probability of location but the number of railway stations decreases it, after accounting for transit accessibility and other e¤ects. These results may re ‡ect the relative e¤ects of positive and negative externalities associated with subway stations and railway stations. Metro stations are more likely than railway stations to be located within clusters of shopping and service employment or adjacent to major cultural attractions, and railway stations are larger and may be more likely to have negative localized externalities on the immediate neighbourhood, such as tra¢ c, noise, and possibly petty crime. The average travel time by private car and the distance to the highway have a negative e¤ect on the preference for a commune, as expected.
The estimated coe¢ cients corresponding to the socio-economic structure of the commune show a general preference of the households to live with neighbors of the same social category. This preference is very strong for households without workers, or with a foreign or young head. The households with one worker are less sensitive to the concentration of similar households. Households of French origin tend to avoid locations in which there are higher concentrations of foreign households. The coe¢ cients for the percentage of young head households and the total number of jobs are insigni…cant. Households prefer more populated but less dense communes, and the communes that have absorbed more population during the 1990-99 period attract still more households.
Adding the residuals of the price equation as an explanatory variable, the estimated coe¢ cients changes trivially and the coe¢ cient of this new variable is not at all signi…cant. This result con…rms that housing price is not endogenous (in the econometric sense) with regard to the location choice model. In other words, the variables used in these two models fully explain the correlation between prices and location choice.
Sensitivity analysis
In order to determine how robust these results are with respect to the sampling procedures we are using, we present below the results of sensitivity analyses to test for the e¤ects of di¤erent sampling rates for households, and di¤erent sizes of sampled alternatives.
Sampling households
Since we have access to the full population of the region at a household level, we can estimate the model on the full population rather than a sample of households. As this is a very unusual circumstance, we wish to learn whether the results deteriorate signi…cantly as we reduce the sample size. Table 5 presents the estimation results of the location choice model with a randomly sampled choice set of 8 alternatives (including the chosen alternative, and using importance sampling), on di¤erent household samples, randomly selected. Computing time is signi…cantly a¤ected by household sampling ratio, especially when dataset size is above RAM capacity (2 Gb). The aggregate results appear not to be very sensitive to sampling size concerning the fraction of households used to estimate demand. Indeed, the correlations between aggregate demand (D j ) estimated in the 4 samples is very high. However, the precision of aggregate demand deteriorates in small municipalities when sample size becomes too small (see Section 4.4.4.
The price coe¢ cients (by itself and crossed with age and income) are sensitive to sample size, although they remain very signi…cant in all samples. The coe¢ cients of the numbers of railway and metro stations become not signi…cant at the 5% level in the 1% and 2% samples. Women appear nearly two times more sensitive than men to accessibility (commuting) in the 1% sample. The coe¢ cient of distance to highway also nearly doubles, and it becomes less signi…cant in the 1% sample. The coe¢ cient of accessibility by car is very unstable and even changes sign from one sample to the other. This is not very surprising since the accessibility variables are highly correlated, and this suggests that it is not possible to identify the coe¢ cients of more than one accessibility variable in the smallest samples. Most of the population composition coe¢ cients remain stable across sample sizes, except for the least signi…cant ones. Once again, it shows the need to be parsimonious with respect to the number of variables measuring population composition in the smallest samples. The coe¢ cients of the three size variables are also unstable across sample sizes, probably because they are too highly correlated.
A more parsimonious location choice model
Based on the above results, it seems that the location choice model should be more parsimonious in reduced samples, and we decided to select, in addition to the "same district" dummy, only one variable for each of the three following items: price, accessibility, population composition, and size. We now test the sensitivity to the number of alternatives used in random sampling, in such a parsimonious model. These results are shown in Table 6 . The results of the sampling Sections will be useful for specifying the location choice model with constraints, which will be estimated using a universal choice set (all the 1300 municipalities) on reduced samples of 1% and 2% of moving households.
As a conclusion of this sensitivity analysis without capacity constraints, the parsimonious model estimated on a 1% or 2% sample of households with universal choice set seems a good benchmark for the estimates with constraints.
Location choice with capacity constraints
Since random sampling introduces heterogeneity in the individual allocation ratios i , the homogeneous model can only be estimated using the universal set of alternatives (1; 300 municipalities). However, the dataset with universal choice set and 100% of the movers would contain 766 million lines and its size would be over 1 terabyte with all the variables used in the previous section! In order to illustrate the method on a more tractable data set and for obtaining preliminary results, we selected a small number of explanatory variables (Log(Price); Average travel time from j, commuting (TC); % households with a foreign head; Log(Population); and Same district as before move in the heterogeneous case), and we used a representative random sample of 2% households. This represents 15; 321; 800 lines, 11; 786 movers and slightly more than 1 Gb. Although convergence is attained after a small number of iterations (less than 5 iterations for constraints at each estimation loop, less than 10 demand loops), about 2 hours are necessary for estimating the homogeneous version of the model, and computing time goes over 15 hours for the heterogeneous version model. 3 In the near future, working on a more powerful computer and improving the e¢ ciency of the algorithm will allow increasing signi…cantly both the sampling rate and the number of explanatory variables. A trade-o¤ between the number of households, the number of alternatives by individual and the number of explanatory variables will remain, however.
In order to estimate the e¤ect of the availability constraints based on the yearly demand, it is necessary to infer an annual supply of dwellings from the current supply observed in March 1998. This annual supply depends on the ratio de…ned in Section 2. As a preliminary sensitivity analysis, we consider two cases:
= 0:5 and = 0:45: We are also interested in the sensivity of the results to the sampling ratio and compare the results obtained on a 1% and on a 2% representative samples of households. Because of constraints on the data sets size, we only explore the parsimonious models studied in Section 4.2 (see Table 6 ). The "Same district as before move" dummy is used in the heterogeneous case, but not in the homogeneous one.
Extent of the constraints and allocation ratio in the homogeneous case
We turn now to an assessment in the homogeneous case of the e¤ect on the number of constrained alternatives and on the allocation ratio of the sampling rate of households and of . Table 7 presents the results for 1% and 2% samples of households, using = 0:5 and = 0:45: For all values of , we have the following result: the fraction of constrained alternatives is always larger once algorithm 1 has converged. This is true when the initial demand is considered and when the …nal demand is considered. For the …nal demand, the fraction of constrained alternatives is (almost always) larger than for the initial demand at any stage of algorithm 1. In other words, convergence of the inner or outer loop increases the fraction of constrained alternatives. The reason behind this intuition is as follows: at the initial demand loop, the observed demand under-estimates the ex ante demand in constrained alternatives and over-estimates ex ante demand in unconstrained alternatives. These biases are corrected at the …nal demand loop. As expected, ceteris paribus, when decreases, the level of constraints increases since a lower value of means a smaller number of dwellings available on average during one year. Note that a very small variation of induces an important variation of the fraction of alternatives constrained.
The average ratio of supply to demand, which is inversely proportional to the degree of constraint, decreases from the initial demand to the …nal demand (since this increases the amount of constraints). The same reasoning applies to , which is an increasing function of the level of constraints. According to the …nal estimates, when = 0:5, 4% to 5% of the households are not located in their preferred municipality. This fraction increases to 13% when = 0:45.
Extent of the constraints and allocation ratio in the heterogeneous case
Here we examine in the heterogeneous case the e¤ect on the number of constrained alternatives and on the allocation ratio of the sampling rate of households and of . Table 8 presents the results for 1% and 2% samples of households, using = 0:5 and = 0:45: The results for the heterogeneous are qualitatively similar to the heterogeneous case in terms of the fraction of alternatives constrained and the supply over demand ratio. Note that the allocation ratio in the heterogeneous case is speci…c either to the household or to the alternative. When = 0:5, the average individual-speci…c allocation ratio is approximately equal to the homogeneous allocation ratio, but this is no more true when = 0:45:
For the …nal estimates in the 2% sample with = 0:5, the minimum individual allocation ratio is i;min = 1:01, which means that the least constrained households (which prefer the least constrained municipalities) have 1% probability to be denied access to their preferred choice. By contrast, the maximum individual allocation ratio is i;max = 1:11, which means that the most constrained households (which prefer the most constrained municipalities) have 11% probability to be denied access to their preferred choice. At the same time, the minimum alternative-speci…c allocation ratio is j;min = 1:03, which means that 3% of the households allocated in commune with the lowest relative excess demand had their …rst best in another municipality. On the other hand, the maximum alternative-speci…c allocation ratio is j;max (5; 3) = 1:08, which means that 8% of the households allocated in the commune with the highest relative excess demand had their …rst best in another commune. Those …gures are quite large, since the only source of heterogeneity in the estimated model is the dummy variable "Same district as before move". The variability of i and j will be far more signi…cant when more variables will be added to the demand estimation with constraints, as in Table 4 . The results concerning the degree of constraints are similar using a 1% sample, but computing time is signi…cantly reduced (from about 15 hours to about 6 hours in the heterogeneous case).
Estimation of the demand
The overall …t of the estimated model is quite good given the low number of explanatory variables: the Pseudo-R 2 is about 30% in the heterogeneous case and 23% in the homogeneous case. The unexpected positive sign of the price coe¢ cient re ‡ects an omission bias: some alternative attributes (e.g. % poor households) are correlated both with price and with demand. Because of this omission bias (which will be corrected by the introduction of additional explanatory variables), we will not interpret the value of the price coe¢ cient, but simply note that its value and signi…cance is very di¤erent in the 1% and 2% samples. The most signi…cant variable remains the dummy "same district as before".and the corresponding estimated coe¢ cient is stable across sample sizes. Strangely enough, the price coe¢ cient is unchanged when the corrected factor is introduced.
We could anticipate identi…cation problems because both price and correcting factor log i j re ‡ect the supply/demand ratio in some sense: i j = S j =D j in the alternatives constrained ex post and equilibrium on the dwelling market suggests that price depends on the supply/demand ratio. However, the correlation between log(Price) and supply/demand ratio is only -4.85% (signi…cant at the 10% level but not at the 5% level) for initial demand estimates and -1.12% (not signi…cant at all), suggesting that prices are only marginally in ‡uenced by the frictions in the housing market. In other words, prices do not actually clear the market, a conclusion we can only generalize at this point to the Il-de-France housing market. Note that the price coe¢ cient is not signi…cant in the 1% sample and only marginally signi…cant in the 2% sample. However, we can anticipate that the price coe¢ cient will become more signi…cant in larger samples and will become negative when enough covariates will be added, as shown in some of the more fully speci…ed results presented in the paper. The coe¢ cients of the accessibility variable (average travel time from the commune) and of the size variable (log(Population)) are stable across sample sizes and between initial and …nal estimates. By contrast, the fraction of foreign households is more sensitive both to the sample size and to the introduction of constraints. Table 10 reports the correlation coe¢ cient between the actual demand (number of households which moved in to each municipality in 1998) and the demand predicted by the di¤erent models. The "Full model" was estimated using a random sampling of 8 alternatives for each household, with 24 explanatory variables, as reported in Table 5 . The "Parsimonious model" was estimated using the same random sampling of 8 alternatives, but with only 5 explanatory variables, as reported in Table 6 . The estimates with constraints are those of the homogeneous case with = 0:5. Table 10 shows that the precision of the aggregate estimated remains satisfactory when the sampling ratio decreases. It is interesting to notice that precision is not signi…cantly altered in the parsimonious model. It seems that the precision becomes poorer and poorer (correlation less than 90% in the 1% sample, less than 93% in the 2% sample) when the "size" (measured as the number of observed moves into the commune in 1998) of the alternatives decreases. The correlation with actual demand remains quite high in the 1148 municipalities with less than 1000 movers in 1998, but it diminishes in the 1054 municipalities with less than 500 movers in 1998 and becomes even lower in smaller alternatives. However, precision signi…cantly improves in the 1% and 2% samples of households when a universal set of alternatives is used for the demand predictions. Note that with a universal set of altenatives the precision is the same in the 1% and 2% samples of households, whereas, with a random sampling of 8 alternatives, precision was far poorer in the 1% sample compared to the 2% sample of households (in the small municipalities). Integrating the constraints signi…cantly improves the precision of the demand estimates, especially for small alternatives. Table ( 
Conclusion and extensions
Constraints on the availability of alternatives are clearly present in some markets, such as the housing market in the Ile-de-France. We have demonstrated that housing prices do tend to capitalize the imbalances between demand and supply in the short run period of one year, but do not fully accomplish the task of resolving short-term market disequilibrium. The speci…cation linking residential location choices and housing prices through he aggregation of individual demands provides a tractable means to address this economic endogeneity, and the results demonstrate that the market clearing role for prices is signi…cant, but even after accounting for the price e¤ect, a large fraction of alternatives still had excess demand, imposing availability constraints on consumers that ultimately must make suboptimal choices from unconstrained alternatives. This is a signi…cant empirical …nding, since virtually all previous literature in discrete choice modeling in market contexts implicitly or explicitly assume that prices clear the market.
We have developed and demonstrated a viable mechanism to address the in ‡uence of constrained alternatives on choice outcomes, by using relatively weak assumptions consistent with the property of independence of irrelevant alternatives inherent in the multinomial logit model: 1) if an individual prefers an alternative j, which is unconstrained ex post, he can be sure to be allocated to it, and 2) the individual allocation ratio is the same for each individual. We then develop a discrete choice model speci…cation and computational algorithm that corrects for capacity constraints in a way that is consistent with the IIA assumption, and shown that this converges to a unique equilibrium in the case of homogeneous agents. Though we have not proven the existence and uniqueness of an equilibrium solution in the heterogeneous case, simulation results show that convergence occurs. We leave the theoretical proof for future research.
Application of this constrained discrete choice algorithm con…rms, …rst, that the share of alternatives initially estimated to be constrained signi…cantly increases once the parameter estimates are adjusted to correct for the e¤ect of the constraints. In our heterogeneous case, the initial estimate of ex ante constraints was that 40.7% of communes were constrained. At convergence of the algorithm, after accounting for the complex spillovers of consumers forced to make second-best choices among initially unconstrained alternatives that could become constrained due to these spillovers, this estimate increased to 58.6%.
Our sensitivity testing con…rms that most parameter estimates in the unconstrained model are fairly robust to sampling of households, down to quite small proportions such as 1 to 2%, where precision decreases. Due to the size of the data and the use of a full enumeration of 1300 alternatives in the heterogeneous case, we were limited to using small sampling rates for households for testing a very parsimonious model that clearly re ‡ects omitted variables bias, but allowed the initial testing of the algorithm to proceed. The results of this testing con…rm that the algorithm converges in a small number of iterations, and that parameters can be adjusted for the bias resulting from capacity constraints. Finally, our analysis of demand predictions con…rms that the constrained discrete choice algorithm signi…cantly improves predictions of demand, particularly for those alternatives with relatively small market share. This may have important implications for research in which the alternatives of interest re ‡ect small market shares, and the system contains some capacity constraints -even if the alternatives of interest are not themselves constrained ex ante.
The method developed so far can be improved along several directions. First, it has been assumed that the coe¢ cient, corresponding to the fraction of movers who contribute to the yearly supply (and also to the average fraction of the year the dwellings were vacant before a household moved in), is the same across all municipalities. This is clearly not true, and the coe¢ cient should be computed on a location-speci…c basis (municipality or, at least county level). Second, the sampling of households and of alternatives has been discussed, but not fully explored yet. This should be performed in a more elaborated version of the proposed model. Third, other allocation mechanisms could be envisaged. Our allocation mechanism relies to a certain extent on an assumption of equity in the adjustment of choice probabilities. Other mechanisms should also be explored. Finally, further empirical testing and re…nement of the computational performance of the constrained choice algorithm, and implementation in generallyavailable software, remain to be completed, and these steps will make it possible to explore applications of this approach to policy questions relevant to constrained choice contexts.
